For n+1 dimensional asymptotically AdS spacetimes which have holographic duals on their n dimensional conformal boundaries, we show that the imposition of causality on the boundary theory is sufficient to prove positivity of mass for the spacetime when n ≥ 3, without the assumption of any local energy condition. We make crucial use of a generalization of the time-delay formula calculated in gr-qc/9404019, which relates the time delay of a bulk null curve with respect to a boundary null geodesic to the Ashtekar-Magnon mass of the spacetime. We also discuss holographic causality for the negative mass AdS soliton and its implications for the positive energy conjecture of Horowitz and Myers.
Positive energy theorems play a central role in gravitational theories, since they determine the classical stability of physical spacetimes within given asymptotic classes. Indeed, alternative versions of the proof of positivity exist, using surprisingly distinct techniques. In the asymptotically flat case, among the many approaches, one has the proof of positivity using minimal surfaces, due to Schoen and Yau [1] , Witten's supersymmetry inspired proof using spinorial techniques [2] , Geroch's approach using the inverse mean curvature flow [3, 4] and Penrose, Sorkin and Woolgar's approach using the focusing of null geodesics near conformal infinity I [5] . Similarly, in the asymptotically AdS case one has the spinorial proof due to Abbott and Deser [6] , and a proof based on null focusing techniques in [7] .
In this paper, we present a new proof of positivity of energy for asymptotically AdS spacetimes based on the assumption of holography [8, 9, 10, 11] . While the AdS/CFT correspondence [12, 13, 14, 15 ] is a particular realization of holography, our result does not depend on the specifics of the holographic correspondence.
In holographic theories, causally related events in the n + 1 dimensional bulk theory have interpretations in the n dimensional holographic dual theory and vice versa. Questions of causality in holographic theories have been discussed in many papers [16, 17, 18, 19, 20, 21, 22, 23, 24] . For example, Kleban, McGreevy and Thomas [24] propose a relationship between causality in the holographic dual theory and matter energy conditions in the bulk.
We show that the requirement of causality in the holographic dual theory is in fact sufficient to prove that the mass of the spacetime is positive, given the assumption of a holographic correspondence, but without the assumption of any energy conditions. Our proof is based on a generalization to arbitrary spacetime dimensions n + 1 ≥ 4 of an expression for time delay in [7] , which relates the time difference between a null geodesic on the conformal boundary I and a nearby bulk null curve to the Ashtekar-Magnon mass.
As in the AdS/CFT correspondence, we shall take a holographic correspondence to imply that certain fields in the (conformally completed) bulk theory, evaluated at a point on the conformal boundary, correspond to operators in the dual, or "boundary", theory localized at the same point. We further assume holographic causality: if two points on the conformal boundary are causally related via the bulk causal structure, then there is a causal relation (e.g. non-commutation) between the two corresponding operators of the dual boundary theory. The boundary theory is thus defined to be causal only if these two operators are localized at points that are causally related in the conformal boundary causal structure. More crudely, causality implies that a signal cannot go through the bulk faster than it can go along the conformal boundary.
We begin by considering the pair: a point S on I, dubbed the source, and an observer world-line R on I, dubbed the receiver. Let ∆t be the time taken by a fastest null geodesic γ to go from S to R along I and ∆t ′ the time taken by a bulk null curve γ ′ to go from S to R. If ∆t > ∆t ′ , this means that R will receive a signal from S via the bulk along γ ′ before it receives the fastest boundary signal γ, thus violating holographic causality. Holographic causality therefore requires that the time delay ∆T = ∆t ′ − ∆t between the fastest boundary null geodesic and any bulk null geodesic must always be non-negative [24] .
Interestingly enough, when the spacetime is pure AdS, the time delay between the fastest boundary signal and any bulk signal is precisely zero. Since the strictest version of AdS/CFT holography holds for pure AdS bulk spacetimes (in 3, 5 and 7 spacetime dimensions), holographic causality is satisfied. However, one must also be able to interpret, in the boundary theory, bulk perturbations about the global AdS background [25, 16] . Such perturbations would affect this exact matching and hence could lead to a violation of holographic causality. Intuitively one would expect that if global AdS is perturbed by the addition of positive mass, then causal geodesics in the bulk will focus, thus maintaining holographic causality. In fact what we will find is the converse of this intuition -namely, focusing of bulk causal geodesics implies positivity of mass.
To make our treatment self contained, we start by reminding the reader of the conformal definition of an asymptotically AdS spacetime in n + 1 spacetime dimensions [26, 27] .
Definition: An n + 1 dimensional spacetime (M, g ab ) is said to be asymptotically AdS if there exists a manifoldM with conformal boundary I , with a (sufficiently) smooth Figure 1 : In order to preserve holographic causality, the time delay ∆T = ∆t ′ − ∆t must be non-negative.
metricĝ and a diffeomorphism from M toM − I such that (i) There exists a function Ω onM such thatĝ ab = Ω 2 g ab on M .
(ii) I = ∂M has topology S n−1 × R, Ω = 0 on I and ∇ a Ω is nowhere vanishing on I.
(iii) g ab satisfies R ab − 1 2 Rg ab + Λg ab = 8πT ab where Λ < 0 and Ω −n T ab admits a smooth limit to I, (iv) The Weyl tensor of g ab is such that Ω 3−nĈ abcd is smooth onM and vanishes at I.
We confine our attention to the conformal metricĝ ab = Ω 2 g ab in a small neighbourhood
It is convenient to expressĝ ab to order O(Ω n+1 ) in a coordinate frame x = (Ω, x) adapted to the level surfaces of Ω, where x are the coordinates in constant Ω hypersurfaces. The conformal metric in N may be expressed as [28, 29, 30] 
where dŝ
with ds 2 AdS the AdS metric, dω 2 n−1 the standard "round" metric on an n − 1 sphere and f ab ( x) a degenerate symmetric tensor with f aΩ = 0.
As we now show, the trace-free part of f ab is in fact proportional to the electric part E ab of the Weyl tensorĈ abcd ,
Using the form of the metric (1),Ĉ abcd can be simplified tô
where∇ • a is the connection compatible with the conformal AdS metricĝ • ab ,∇ a is the connection compatible with (1), the tensor C c ab is given by C c ab v c =∇ • a v b −∇ a v b , and we have used the fact that AdS has vanishing Weyl curvature,Ĉ • abcd = 0. Using (1), (2) and (3), and denoting the induced metric on I byq • ab , we get
Reinserting this into (1), we obtain
where n H( x) ≡q • kl f kl and where we have used the fact that E aΩ = 0. Also, x = (t, ω n−1 ), where ω n−1 denote the coordinates on the S n−1 sphere. dσ , and similarly γ a denotes the tangent to γ. Using (6), we get the following expression for the time taken by γ ′ :
We have used the fact that
, thus making the term containing E ab ( x) the only O(Ω n ) one in (6) . Since the time taken by γ is just the total arc length α, the time delay in γ ′ with respect to γ is
The requirement of holographic causality implies a non-negative time delay, so that the right hand side of the above equation must be non-negative. We now show that this is related to the Ashtekar-Magnon mass.
We begin by making the following useful observation.
Lemma: If the time-delay ∆T > 0 in (8) for all sources S and receivers R, then f (σ) must be pointwise non-negative on I 1 .
Proof:
The proof is by contradiction. Let us assume that f (σ) is negative at some p ∈ I. Since, by the definition of AdS spacetimes above, f (σ) is a continuous function on I, there exists an open neighbourhood N ⊂ I of p such that f (σ) < 0 in N . Let q ∈ N and let Q ⊂ N be a convex normal neighbourhood of q in I. If q ′ ∈ Q is a point on the future null cone of q in Q, the fastest null curve γ on I between q and q ′ lies entirely in Q ⊂ N . Let γ ′ represent a variation of γ as described above. Now, the integrand in (8) can be expressed as Ω n (f (σ) + ΩR(σ)), where R(σ) is bounded from above. We can then choose a sufficiently small neighbourhood U of Q inM and a varied curve γ ′ ∈ U such that f (σ) + ΩR(σ) < 0. This will make the time delay between γ ′ and γ negative, thus contradicting the assumption. 2
The Ashtekar-Magnon(AM) mass is defined as [26, 27] 
where C is a space-like cut of I, dS the associated volume element and χ a a conformal Killing vector on I. In the coordinate frame x = (t, ω n−1 ) we use above, a natural choice is χ a = (1, 0, . . . , 0) up to normalization, with C the round S n−1 sphere with volume element dΘ, so that
Now, up to a scale factor, on I the "spray" of future directed null geodesics at a point is parameterised by an n − 2 dimensional sphere. Thus, for example, in n + 1 = 4 dimensions there is a circle worth of null directions on I at every point, while in n + 1 = 5 dimensions there is a 2-sphere worth of null directions. In n + 1 = 4 dimensions, therefore, any future directed null vector can be expressed in our coordinate frame (Ω, x) as γ a = (0, 1, cos α, sin α sin θ ), with α ∈ [0, 2π], while in n + 1 = 5 dimensions we get γ a = (0, 1, cos α,
Taking dΞ as the volume element on the round S n−2 , we then take the average of the function f ( x) = −(E ab γ a γ b )( x) over the entire S n−2 worth of null directions at a point on I to obtain
Here we have used (a) the fact that the integral is performed over a set of directions at a point, so that E ab is in fact independent of these directions and (b) the fact that E ab is trace-free. We can then insert this expression into (10) to get
Assuming non-negative time delay ∆T ≥ 0 and using the Lemma above, −E ab γ a γ b is pointwise non-negative on I, so that µ(t) ≥ 0 2 . Although we have chosen a special class of cuts of I, these foliate I, so that we can conclude that µ[C] > 0 for any spatial cut C of I. We have thus proved the following:
Theorem: Assume that an n + 1 dimensional asymptotically AdS spacetime (M, g) has a holographic dual on its conformal boundary I. Then the requirement of holographic causality implies that the Ashtekar-Magnon mass for the spacetime is non-negative.
Remark (i):
For simplicity, one could assume that the mass is a conserved quantity. As shown in [26] , this means that the matter flux V T ab χ a χ b dV vanishes for any patch V ⊂ I bounded by disjoint spacelike cuts of I. However, this is not necessary for our result.
Remark (ii):
The elements of our proof do not suffice to prove the converse of the theorem, namely that positivity of mass is sufficient to ensure holographic causality. Positivity of mass does not imply that the function −E ab γ a γ b is non-negative everywhere, and by choosing γ and γ ′ suitably, the time delay could be made negative. Instead of assuming positivity of mass however, if we were to assume null genericity, null geodesic completeness and a null energy condition, then a focusing theorem [31, 32, 33] can be used to show that all bulk geodesics have non-negative time-delay with respect to boundary null geodesics 3 . This theorem states that in such spacetimes any complete causal geodesic must contain conjugate points. The existence of conjugate points means that the null geodesic focuses, so that the fastest null geodesics always lie on the boundary. Remark (iii): In [24] , it was claimed that any asymptotically AdS spacetime must satisfy an integrated weak energy condition if it is to have a causal holographic boundary dual. While the focusing theorem implies positive time delay, it is not clear how the converse conclusion of [24] may be reached. Remark (iv): Finally, we briefly comment on the relation to the counterterm mass definition of [34] , where the mass µ ct is calculated by adding certain local counterterms to the action. In 4-dimensions it was shown in [27] that this mass definition is identical to the AM mass, so that holographic causality implies the positivity of µ ct by our theorem. In 5 dimensions, however, these masses explicitly do not match, and their difference µ ct − µ can be interpreted as a non-zero Casimir energy. Using our method, however, holographic causality cannot be used to predict the sign of this Casimir energy term. Now, the time delay formula (8) is valid only for asymptotically AdS spacetimes with I of topology S n−1 × R. However, asymptotically locally AdS spacetimes with non-spherical boundary are also candidates for a holographic theory [35, 36, 37, 38] , and several examples of spacetimes with such boundaries are known [39] . Positive energy theorems have not been proved for such spacetimes -indeed, the AdS soliton [36] , which has a Ricci flat I, has negative AM mass 4 . Motivated by the AdS/CFT correspondence, Horowitz and Myers [36] proposed a new positive energy conjecture which states that the AdS soliton is the unique ground state in its asymptotic class. It is therefore of interest to ask how the considerations in this current work extend to such spacetimes.
We now show by explicit calculation that despite having negative mass, the AdS soliton has a strictly positive time delay when n ≥ 3, so that the boundary theory is causal in this restricted sense. The n + 1 dimensional AdS soliton has metric
Here V (r) = 2Λ , r 0 a constant and n > 2. The solution is non-singular provided φ is periodic with period β 0 = 4πℓ 2 n r 0
. Putting x ≡ 1/r, (13) can be 3 The focusing theorem was used to complete the proof of positivity of energy in conjunction with the time delay formula in [7] . 4 The soliton is protected from a potential instability due to a unique scaling isometry between solitons of different mass parameters [40] .
re-expressed as
where
is the spatial part of the optical metric dŝ 2 = x 2 ds 2 . Thus, the time taken by a null signal is ∆t = ds n . Now, consider a null geodesic from a source S on I, which has angular momenta ( L, J), where L ≡ (θ 1 , · · · ,θ n−2 ), J ≡ (1 − r n 0 x n )φ and˙ L =J = 0 along any geodesic whereȦ ≡ dA/ds n . The time taken for this geodesic to get back to I via the bulk (and not along the boundary) is then
where |∆ Θ| is the optical distance traversed in the Θ ≡ (
If the bulk null geodesic is received by some observer R on I, the shortest time taken by a boundary null geodesic to get from S to R satisfies the inequality, ∆t ≤ |∆ Θ| 2 + 4ℓ 2 r 2 0 π 2 n 2 .
If the fastest curve, necessarily a null geodesic, were to lie in the bulk, then ∆t ′ < ∆t for that geodesic. But we see that this cannot be the case. Comparing the times ∆t and ∆t ′ we see that the time delay ∆T = ∆t ′ − ∆t is positive whenever
Now, (1 − k 2 ) 2−n 4n ≥ 1 for n ≥ 2, the equality being satisfied only when n = 2 and/or J = 0. Moreover, one can easily show that n π I(n) ≥ 1 for n ≥ 2 -indeed, it grows approximately linearly with n. Thus, the time-delay is zero only for n = 2. This is not surprising, since in 3 spacetime dimensions, the AdS soliton is in fact global AdS. It is also satisfying to note that the existence of the time delay is in fact independent of the apparent mass "parameter" r 0 . This is consistent with the fact that solitons of different r 0 are in fact isometric to each other via a scaling isometry [40] .
Thus, the AdS soliton, despite having negative mass, satisfies holographic causality. However, in light of the Horowitz-Myers conjecture, it is interesting that there is no bulk null geodesic which realizes the bound set by causality or alternatively, by the focusing theorem. What this means for the conjecture is a question under current investigation [41] .
